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ABSTRACT
In this paper, a radially piezoelectric functionally graded rotating disk is investigated by the
analytical solution. The variation of material properties is assumed to follow a power law along
the radial direction of the disk. Two resulting fully coupled differential equations in terms of the
displacement and electric potential are solved directly. Numerical results for different profiles of
inhomogeneity are also graphically displayed.
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1

INTRODUCTION

R

ECENTLY, applications of advanced materials such as piezoelectrics, functionally graded materials, etc. have
become of great importance in high-technology industries. Literature on the subject includes Tiersten [1],
Berlincourt [2], Berlincourt et al. [3], Jaffe et al. [4], and Grinchenko et al. [5]. In these media, obtaining material
behavior requires either solution of multi-field interactions such as elastic and electric fields in homogeneous
piezoelectrics, or consideration of heterogeneity in functionally graded materials (FGMs), or both, as in functionally
graded piezoelectric materials (FGPM). Adelman et al. [6] investigated the problem of vibration of a long
piezoelectric homogeneous cylinder. The effect of time dependency because of time-harmonic loading is reduced to
frequency of the applied load, which was quantified analytically. Khoshgoftar et al. [7] investigated the thermo
elastic behavior of a thick walled cylinder with functionally graded materials. The cylinder was loaded under the
temperature gradient and inner and outer pressure. Bayat et al. [8] studied elastic solutions for axisymmetric rotating
disks made of functionally graded material with variable thickness.
Introducing the displacements function, Chen [9] simplified the governing differential equations in radially
polarized piezoelectricmedia and converted them to ordinary Euler differential equations. Ghorbanpour et al. [10]
studied the radially polarized spherically anisotropic piezoelectric material under internal and external uniform
pressure and a constant potential difference between its inner and outer surfaces of the sphere induce the potential
difference. Hou et al. [11] solved the transient problem of a functionally graded magneto-electro-elastic hollow
cylinder. The solution was carried out by introducing a new dependent variable and employing the separation of
variables technique as well as the superposition method. Babaei et al. [12] considered the analytical solution for
radially piezoelectric functionally graded rotating hollow shaft. The variation of material properties assumed to
follow a power law along the radial direction of the shaft.
In this study, the influence of inhomogeneity material on a FGPM hollow rotating disk is examined.
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FUNDAMENTAL EQUATIONS

Here, we consider a functionally graded (FG) piezoelectric disk rotating at a constant angular velocity ω as shown in
Fig. 1. The disk has an inner and outer radiuses that are a and b, respectively. The disk is subjected to electric
potentials of a and b , respectively, on the inner and outer surfaces. It is assumed that the physical properties of
the shaft vary according to a power law along the radial direction as follows
æ r ö2 N
X (r ) = X 0 çç ÷÷÷
çè b ø

(1)

In which X(r) is the general properties of the disk such as the elastic, piezoelectric, and dielectric coefficients, and X0
is related with the value of the coefficients at the outer surface. For a piezoelectric medium, the constitutive relations
are as follows [6]

 rr = C33 rr + C13 - e33 Er
  = C13 rr + C11 - e31 Er
Dr = e33 rr + e31 +  33 Er

(2)

where  rr ,   , Dr ,  rr , and  are the components of the stress, electric displacement, and strain, respectively,
Cijkl , ekij , and  ik are material properties, namely, the elastic, piezoelectric, and dielectric constants. For an
axisymmetric problem using linear elasticity we have for strains
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In which u and  are the radial displacements and electric potential, respectively. Also, r and θ are the radial and
circumferential coordinates, respectively. For cylindrically orthotropic piezoelectric materials polarized in the radial
direction, Eqs. (2) can be written as
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(4)

On the other hand, the equation of motion and the Maxwell equation in the absence of body forces and free
charge density read

Fig. 1
Geometry and boundary conditions of an FGM piezoelectric disk.
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where  d is the spatially varying mass density of the disk.
3 EXACT SOLUTION
3.1 Governing equations

Using Eqs. (1), (4) and (5), according to D. Alembert’s principle, two coupled governing differential equations for
the problem are obtained
r 2C330 u,rr + r (2 N + 1) C330 u,r + (2 NC130 - C110 )u + r 2 e330,rr + r [(2 N + 1)e330 - e310 ],r +  d 0 r 3 2 = 0
r 2 e330 u,rr + r [(2 N + 1) e330 + e310 ]u,r + 2 Ne310 u - r 2 330,rr - r (2 N + 1) 330,r = 0

(6)

where ω is the angular velocity of the disk, which is taken to be constant. By introducing new dimensionless values
as follows

=

C110
,
C330

=

e310
,
e330

=
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,
C330

=

 330 C330

(7)

e2330

and a new electric potential

=

e330

C330

(8)

Eqs. (6) can be rewritten as
r 2 u,rr + r (2 N + 1)u,r + (2 N -  )u + r 2 ,rr + r [(2 N + 1) -  ],r +

 d 0 r 3 2
C330

=0

r 2 u,rr + r [ (2 N + 1) +  ]u,r + 2 N  u - r 2,rr - r (2 N + 1) ,r = 0

(9)

By replacing the radial coordinate with the nondimensionalized radial coordinate  = r / a and using the chain
rule for differentiation, Eqs. (9) can be rearranged as follows

 2 u,  +  (2 N + 1)u,  + (2 N -  )u +  2 ,  +  (2 N + 1 -  ),  +
 2 u,  +  (2 N + 1 +  )u,  + 2 N  u -  2,  -  (2 N + 1),  = 0

 d 0  3 2 a3
C330

=0

(10)

The above equations are coupled ordinary differential equations with variable coefficients about u and  . Here,
we use the change of variable  = e to convert the equations to new equations with constant coefficients. After
some manipulations, we have
 + (2 N -  )
 = -ae3
u + 2 Nu + (2 N -  )u + 
 - 2 N 
 =0
u + (2 N +  )u + 2 N  u - 

(11)
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in which
=

 d 0  3 2 a3

(12)

C330

 between
is the rotational term and an over-dot stands for differentiation with respect to η. After elimination of 

Eqs. (11) and solving for , we have

 =  + 1 u + 2 N (1 +  ) +  u + 2 N (  +  ) - a u + a e3








(13)



Substituting the above relation and its derivative into the first equation of Eqs. (11), the decoupled equation
about u is obtained as follows

a3
u + a2 u + a1u + a0 u = de3

(14)

where
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The general solution of Eq. (14) is
ug = Ae m1 + Be m2 + Ce m 3

(16)

in which mi (i = 1, 2, 3) are the roots of the corresponding characteristic equation of Eq. (14). A, B, and C are
integration constants to be determined by boundary conditions. The particular solution of Eq. (14) is assumed to
have the form u p = Ke3 . After substitution of the assumed particular solution and its derivatives into Eq. (14), K is
found

K=

d
27a3 + 9a2 + 3a1 + a0

(17)

So, the final solution for u in terms of the nondimensionalized radial coordinate is
u = ug + u p = A  m1 + B  m2 + C  m3 + K  3

(18)

Substituting for u from the above equation into Eq. (13) and integrating,  is also obtained

 = b1 A m1 + b2 B m2 + b3C  m3 + D + f  3

(19)

where D is a new integration constant and
bi =

1 çæ
2 N (  +  ) - a ÷ö
÷÷ ,
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It is more convenient to nondimensionalize stresses and electric potential as follows

å
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Then, using Eqs. (4), (18), and (19) we have
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in which  = a / b is the aspect ratio.

3.2 Boundary conditions and solution
According to Fig. 1, the boundary conditions can be defined in the following form

å
å

rr
rr

å
( ) = å
(1) =

rri
rro

1 (1) = 1i
1 (  ) = 1o

u1 (1) = u1i

(23)

Using Eqs. (22) and (23) we have a set of four linear algebraic equations for the four unknowns, A, B, C, and D,
as follows
ïìï Aïüï
ï ï
P ïíB ïý = Q
ïï ïï
ïîïC ïþï

(24)

where, P is a 4 × 4 nontrivial matrix.
4 NUMERICAL SOLUTION

In this section, numerical results are presented graphically for radial and circumferential stresses, electric potential
and displacement. The outer surface of the disk is assumed to be PZT-4 whose properties are listed in the Table 1.
Figures depicted the effect of inhomogeneity on the results for aspect ratios μ1.3. The rotational term  is also
taken to be unity.

© 2010 IAU, Arak Branch

A. Ghorbanpour Arani et al.

Table 1
Properties of PZT-4
Coefficient
C330
C110
C130
e310
e330

330
d0

149

PZT-4
115  109 Pa
139  109 Pa
74.3  109 Pa
- 5.20 C/m2
15.1 C/m2
5.62  10-9 F/m
7.5  103 kg/m3

5 RESULTS AND DISCUSSIONS

According to the figures, following results are achieved. Fig. 1 displays the radial stresses in free-free state with no
electric potential related with dimensionless radius. Corresponding with the boundary conditions, stresses on the
inner and outer radiuses are zero and those have a maximum between inner and outer radius. The more the
nonhomogenous parameter N increases the more the stresses will be.
Fig. 2 displays the circumferential stresses in free-free state with no electric potential related with dimensionless
radius. The stresses increase as the nonhomogenous parameter N increases. It is possible that a fracture occurs in
high amount of N. Fig. 3 displays the electric potentials related with dimensionless radius. As the nonhomogenous
parameter is negative, electric potential has a minimum; on the contrary, it has a maximum when nonhemogenous
parameter is positive. Fig. 4 displays the radial displacements related with dimensionless radius. These
displacements are maximum in inner radius and minimum in outer radius and increase as the nonhomogenous
parameter increases. Figs. 5-8 are radial stresses, circumferential stresses, electric potentials and radial
displacements in free-free state respectively. Here, we have unit electric potential on inner radius and zero electric
potential on outer radius. The results are the same as above. Figs. 9-12 are radial stresses, circumferential stresses,
electric potentials and radial displacements in free-free state respectively. Here, we have unit electric potential on
outer radius and zero electric potential on inner radius. Fig. 9 displays the radial stresses that decrease as the
nonhomogenous parameter increases. Fig. 10 shows the circumferential stresses that increase as the nonhomogenous
parameter increases. Fig. 11 exhibits the electric potential that increase as the nonhomogenous parameter increases.
Fig. 12 presents the radial displacements that are the same as above and increase as the nonhomogenous parameter
increases.
Figs. 13-16 are radial stresses, circumferential stresses, electric potentials and radial displacements in fixed-free
state respectively. Here, we have zero electric potential on outer and inner radiuses. Fig. 13 displays the radial
stresses that are descendant and increase as the nonhomogenous parameter increases. Fig. 14 depicts the
circumferential stresses that are ascendant and increase as the nonhomogenous parameter increases. Fig. 15 shows
the electric potentials that increase as the nonhomogenous parameter increases. Fig. 16 manifests the ascendant
radial displacements. According to the boundary condition, radial displacement is zero on inner radius. As the
nonhomogenous parameter increases the radial displacements increase. Figs. 17-20 are radial stresses,
circumferential stresses, electric potentials and radial displacements in fixed-free state respectively. Here, we have
unit electric potential on inner radius and zero electric potential on outer radius. Fig. 17 displays the radial stresses
that are descendant and increase as the nonhomogenous parameter increases. Fig. 18 shows the circumferential
stresses. Slope of the diagrams increase as the nonhomogenous parameter increases. Fig. 19 depicts the electric
potentials that increase as the nonhomogenous parameter increases. Fig. 20 shows the ascendant radial
displacements. According to the boundary condition, radial displacement is zero on inner radius. As the
nonhomogenous parameter increases the radial displacements increase.
Figs. 21-24 are radial stresses, circumferential stresses, electric potentials and radial displacements in fixed-free
state respectively. Here, we have unit electric potential on outer radius and zero electric potential on inner radius.
Fig. 21 displays the radial stresses that are descendant and increase as the nonhomogenous parameter increases. Fig.
22 shows the circumferential stresses that are ascendant and increase as the nonhomogenous parameter increases.
Fig. 23 depicts the electric potentials that increase as the nonhomogenous parameter increases. Fig. 24 presents the
radial displacements. According to the boundary condition, radial displacement is zero on inner radius. As the
nonhomogenous parameter increases the radial displacements increase. The assumed mechanical and electrical
boundary conditions of the disk are:
For free-free state
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Case 1:

å

rr (1) =

0,

å

rr (  ) =

0,

1 (1) = 0,

1 (  ) = 0

Fig. 1
Radial stress for differeent N, =1, μ=11.3.

Fig. 2
Circum
mferential stressees for different N
N, =1, μ=1.3.

Fig. 3
Electricc potential for diifferent N, =1,, μ=1.3.

Fig. 4
Radial displacement foor different N, =1, μ=1.3.

Case 2:

å

rr (1) =

0,

å

rr (  ) =

0,

1 (1) = 1,

1 (  ) = 0
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Fig. 5
Radial stress for differeent N, =1, μ=11.3.

Fig. 6
mferential stressees for different N
N, =1, μ=1.3.
Circum

Fig. 7
Electricc potential for diifferent N, =1,, μ=1.3.

Fig. 8
Radial displacement foor different N, =1, μ=1.3.

Case 3:

å

rr (1) =

0,

å

rr (  ) =

0,

1 (1) = 0,

1 (  ) = 1

Fig. 9
Radial stress for differeent N, =1, μ=11.3.
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Fig. 100
Circum
mferential stressees for different N
N, =1, μ=1.3.

Fig. 111
Electricc potential for diifferent N, =1,, μ=1.3.

Fig. 122
Radial displacement foor different N, =1, μ=1.3.

For fixeed-free state
Case 1:

u1 (1) = 0

å

rr (  ) =

0,

1 (1) = 0,

1 (  ) = 0

Fig. 133
Radial stress for differeent N, =1, μ=11.3.

Fig. 144
Circum
mferential stressees for different N
N, =1, μ=1.3.
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Fig. 155
Electricc potential for diifferent N, =1,, μ=1.3.

Fig. 166
Radial displacement foor different N, =1, μ=1.3.

Case 2:

u1 (1) = 0

å

rr (  ) =

0,

1 (1) = 1,

1 (  ) = 0

Fig. 177
Radial stress for differeent N, =1, μ=11.3.

Fig. 188
Circum
mferential stressees for different N
N, =1, μ=1.3.

Fig. 199
Electricc potential for diifferent N, =1,, μ=1.3.
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Fig. 200
Radial displacement foor different N, =1, μ=1.3.

Case 3:

u1 (1) = 0

å

rr (  ) =

0,

1 (1) = 0,

1 (  ) = 1

Fig. 211
Radial stress for differeent N, =1, μ=11.3.

Fig. 222
Circum
mferential stressees for different N
N, =1, μ=1.3.

Fig. 233
Electricc potential for diifferent N, =1,, μ=1.3.

Fig. 244
Radial displacement foor different N, =1, μ=1.3.
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6 CONCLUSIONS

In the present paper, an exact solution for a rotating disk made of FGPM under mechanical loads was derived using
the elasticity theory by assuming power functions for all properties. The appropriate mechanical and electrical
equations were derived for solving the piezoelectric problem. On finding the numerical value of the solution to the
problem, the following conclusions are obtained:
1. Radial stress, circumferential stress, electric potential and radial displacement increase on increasing
nonhomogeneous parameter.
2. In free-free state with no electric potential, internal electric potential and external electric potential,
circumferential stress is positive and it causes fatigue fracture.
3. In fixed-free state with no electric potential and internal electric potential, circumferential stress is positive and
it causes fatigue fracture, while circumferential stress is negative and it prevents fatigue fracture, with external
electric potential; therefore, it is the best boundary conditions and loading.
4. In free-free state with internal electric potential, circumferential stress and radial displacement decrease.
5. In fixed-free state circumferential stress, radial stress and radial displacement are less than free-free state.
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